Abstract. This paper provides a K-theoretic obstruction for higher kernel dimension for Dirac operators. For this we use a fibre-wise Dirac operator that gives rise to a family of Fredholm operators representing a class in topological K-theory. Then Chern classes of this K-class contain some information about the kernel of the operators.
Introduction
This paper is motivated by the question how one can prescribe the eigenvalues of a Dirac operator. More precisely fix a closed spin manifold (with fixed spin structure). Then choose a finite discrete subset For the Laplacian acting on functions instead of the Dirac operator the question is answered: Yves Colin de Verdière proved 1987 in [10] , that it is possible to find such a metric if the dimension of the manifold is greater than three. For the Dirac operator not much is known. Nigel Hitchin proved 1974 in [20, Theorem 4.5] that for every spin manifold M with dimension 0 or ±1(mod 8) there is a metric such that the Dirac operator has non-trivial kernel. Later Christian Bär proved in [5, Theorem A] that every spin manifold admits a metric with non-trivial kernel if dim(M) ≡ 3 mod 4. Mattias Dahl showed in [12] that every three-dimensional manifold has a metric such that the Dirac operator only has simple eigenvalues (in the sense that simple means every eigenvalue has multiplicity two which is a relict of representation theory). Later Dahl showed in [13] that for non-zero real numbers −L < l 1 < · · · < l n < L and a closed spin manifold M with dimension > 3 there is a metric g such that AMS Subject classification (2010): 53C27, 55N15.
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• for dimM ≡ 3 mod 4: specD g ∩ ((−L, L) \ {0}) = {l 1 , . . . , l k } and every eigenvalue is simple • for dimM ≡ 3 mod 4: specD g ∩((−L, L)\{0}) = {±l 1 , . . . , ±l k } and every eigenvalue is simple. Nikolai Nowaczyk proved in [22] that on a manifold with dimension 0, 6, 7 mod 8 there exist a metric such that the Dirac operator has at least one eigenvalue of multiplicity at least two.
This paper shall provide a K-theoretic obstruction for higher kernel dimension: Let X be an odd dimensional closed manifold. Let B be a compact manifold and ((D X ) b ) b∈B be a family of fibre-wise Dirac operators on X. This family defines a map 
Then for all
i 0 < · · · < i k ∈ N the equation c odd i 0 ([F ]) ⌣ · · · ⌣ c odd i k ([F ]) =
K-Theoretic Obstruction Theorem for Fredholm Operators
For an arbitrary infinite dimensional, separable Hilbert space H we define
We give both space the topology induced by the operator norm. Ktheory is a generalized cohomology theory with
For an element in K 0 (B), the base point of S n ∧ B (resp. S n ∧ B + ) has to be mapped to an invertible operator. The K-theory satisfies Bott periodicity [4] or [21] . Chern classes are characteristic classes which map each element in K 0 (B) to a certain classe in H 2i (B) (see for example [21] ):
We only consider the case when B is non-based: Using the suspension isomorphism
we define the odd Chern classes:
The odd Chern classes inherit all properties of the even Chern classes. Proof. The odd Chern character is the composition of the even Chern character with the suspension isomorphism S :
be two Chern classes. Since the cup product over a suspension vanishes, we see that
To prove the obstruction theorem for families of Fredholm operators we need: 
Then for all
holds. The sign ⌣ stands for the cup product.
Proof. Consider for j = 0, . . . , k the sets
Using the Neumann series it is easy to see that the set of invertible operators is open in F red
is an eigenvalue of A b for every j ∈ 0, . . . , k. But
∈ [0, 1). We define the continuous map
The map g j satisfies the requirements of Lemma 2.2. A linear homotopy gives a homotopy between g j and the identity. By Lemma 2.2 there is a well-defined function A j := g j (A) : B → F red 1 and A is homotopic to A j . Therefore
Using (3) and (4) we get
Last theorem gives a topological obstruction for higher kernel dimension of Fredholm operators. In this paper we want to use the obstruction to get a lower bound for the kernel dimension of Dirac operators. For this purpose we consider a family of Dirac operators ((D X ) b ) b∈B indexed by some compact manifold B coming from a fibrewise Dirac. We associate to this family the bounded Fredholm operat-
. This family represents an element in
if there is a continuity condition on b → F b . We will see in the next sections, that the map b → F b is not continuous if we use the norm topology on F red 1 (B). To solve we will describe a weaker topology.
Obstruction Theorem for Dirac Operators
As mentioned above we want to use the obstruction theorem for high kernel dimension to estimate the kernel dimension of Dirac operator. For this purpose we have to understand, why fibre-wise Dirac operators represent elements in K-theory.
3.1. Fibre-wise Dirac Operator. We first summarize some properties of the Dirac operator. Let X be a closed spin-manifold with volume measure, V → X be a Clifford bundle with complex inner product. The space Γ(X, V ) is the pre-Hilbert space (a Hilbert space without completeness condition) of smooth sections with L 2 inner product. The completion of this pre-Hilbert space is the space L 2 (X, V ). The Dirac operator is a self-adjoint unbounded operator
Furthermore the Dirac operator admits a spectral decomposition. Since D is self-adjoint, all eigenvalues are real. Therefore the operators D ± i are invertible operators with bounded inverse ( We come to the fibre-wise situation. We only give a short overview. For more details see [23, Chapter 1] or [7] . We consider an oriented Riemannian fibre bundle X ֒→ M π − → B. The fibres π −1 (b) ∼ = X are closed n-dimensional compact spin-manifolds where n is odd. We denote the vertical tangent bundle by T X := kerdπ.
Let (V, g, ▽, c X ) → M be a vertical Dirac bundle. We associate the fibre-wise Dirac operator
where e 1 , . . . e n is a local orthonormal frame of T X and c X is a Clifford multiplication. The Dirac operator D X restricts to fibre-wise sections
As explained above the fibre-wise Dirac (
. We associate to this family of unbounded operators (D X ) b a family of bounded operators: Via functional calculus we associate a family of bounded operators
We consider the operator
This operator is a self-adjoint Fredholm operator, so that F 2 b − 1 is compact. Problem 3.1. We see now the first problems: The Hilbert spaces on which the operators F b act differ by changing b. To get a family of Fredholm operators in the sense of Section 2 we have to identify all Hilbert spaces and find a topology on F red 1 which is strong enough to classify K-theory and weak enough such that the map b → F b is continuous.
The readers who know already in which sense the fibre-wise Dirac operator represent an element in K-theory can skip the next section and jump directly to Section 3.4.
Continuous Fields of Hilbert spaces.
To solve Problem 3.1, we follow Dixmier and Douady. They introduced the term continuous field of Hilbert spaces, which generalises the vector bundle theory to the infinite dimensional setting. In this paper we discuss only those things of importance for later sections and omit some proofs. For details see [14] . Let B be a topological space and (H(b)) b∈B be a family of (pre-)Hilbert spaces. Let ·, · b be the scalar product on H(b). We consider the space
. In analogy to bundles we call an element of b∈B H(b) a section of (H(b)) b∈B . 
ot(H).
If we consider Example 3.3, it turns out, that the topology constructed in [14] is exactly the product topology. 
Let Γ be the closure of Γ ′ with respect to the property (iv) of Definition 3.2. Then we write I H i for the continuous field ((H(b) ) b∈B , Γ).
Theorem 3.9. [14, Theorème 4] Let H = ((H(b)) b∈B , Γ) be a continuous field of Hilbert spaces with separable fibres over a paracompact space B. Let H be a Hilbert space with dim(H) = ∞. And let H B = B × H be the trivial Hilbert field (see Example 3.3). Then H ⊕ H
3.2.1. Morphisms of Continuous Fields. Now we are able to define a morphism of continuous fields of Hilbert spaces. 
Example 3.12. Let H B be the trivial bundle of Example 3.3. A fibrewise linear map ϕ : H B → H B is uniquely defined by a map F : B → B(H) where B(H) is the set of linear, continuous operators on H. We give B(H) the weakest topology so that the evaluation ev : B(H) × H → H is continuous. Then ϕ is a homomorphism if and only if F is continuous.
As a second example we consider the fibre-wise Dirac operator. Example 3.13. We are in the situation of Example 3.7. We consider now the family of fibre-wise Dirac operators ((D X ) b ) b∈B explained in Section 3.1. Via functional calculus we associate to (D X ) b a bounded operator
Let s ∈ Λ be a smooth section of the bundle V → M. Then
is again a smooth section. Hence, We see that the theory of continuous fields of Hilbert spaces is a good theory for the fibre-wise situation.
Ebert extended the functional calculus theorem for self-adjoint operators to the field case. 
Compact and Fredholm homomorphism of Continuous fields.
The notion compact operator is more difficult to formulate. We follow here Dixmier and Douady [14, Chapter 22] and Ebert [18] . Let H = ((H(b) ) b∈B , Γ) be a continuous field of Hilbert spaces. Let K(H(b)) be the Banach space of compact operators on H(b). For x, y ∈ Γ we define the operators θ x,y of rank ≤ 1:
where v ∈ H(b). Define Λ := span{θ x,y |x, y ∈ Γ}. 
Then θ k approximates ϕ globally, hence ϕ is compact. If ϕ is compact, let G : H B → H B ∈ Λ be a map defined by a map G : B → K(H) ⊂ B(H) (compare Example 3.12). An easy computation shows thatG is continuous (the topology on K(H) is induced by the norm topology). Let ε > 0 and b ∈ B. Since ϕ is compact there is a neighbourhood U of b and G ∈ Λ, such that for all y ∈ U the equation 
Let ϕ i be a partition of unity subordinate to U. We now consider the operators
we can use the first part to see that (G b,i ) b∈B is a compact family for every i. The claim follows since . After this identification we will see, that the map
is not automatically continuous using the norm topology on the right hand side. We will use a weaker topology such that b → F b is continuous. This topology is strong enough to represent K-theory for compactly generated, para-compact spaces. We follow in this section [18] .
Definition 3.23. Let B be a compact space.
• We define the set of cycles {(H, ϕ)} where
is a continuous fields of Hilbert spaces (with separable infinitedimensional fibres) over B and ϕ : H → H is a self-adjoint homomorphism of continuous fields such that ϕ 2 − 1 is compact (hence by definition ϕ is Fredholm).
• The set of cycles is, using direct sum, an abelian monoid.
• Two cycles (H 1 , ϕ 1 ) and (H 2 , ϕ 2 ) are called homotopic if there is a cycle (E, ψ) on B × [0, 1] such that there are isomorphisms
• We call a cycle (H, ϕ) acyclic if ϕ is an isomorphism.
• Let F(B) be the set of homotopy classes of cycles over B modulo the submonoid of homotopy classes that contain acyclic representatives. Next we describe a topology on F red 1 such that the map (6) is continuous. This topology was used for example in [9] and [18] . Definition 3.26. We define F red: As a set F red = F red 1 . We give F red the weakest topology such that the evaluation and the map F red → K(H) given by F → F 2 − 1 are continuous. Here K(H) is the set of compact operators carrying the norm topology.
For a compact manifold B and an infinite dimensional separable Hilbert space we define a map We will construct a map in the other direction,
as follows: Let J : H → H be a self-adjoint involution and let (H = (H(b)) b∈B , Γ), ϕ) ∈ F(B). We use Theorem 3.9 to get an isomorphism between the trivial field H B = B × H and the direct sum H B ⊕ H. Define the morphism of trivial fields
By definition of a cycle the maps (J ⊕ϕ) where q ! is the Gysin map associated to q (for a definition see [21] ). Thê A-genus of the circle is given byÂ(S 1 ) = 1. Since the Gysin map of the trivial bundle is just given by the Künneth formula H * (S n × X) ∼ = H * (S n ) ⊗H * (X) (see [19, Chapter 4] 
